We explore streaming instabilities of the electron-ion plasma with relativistic and ultra-relativistic cosmic rays in the background magnetic field in the multi-fluid approach.
Introduction
It is known for a long time that a return current arises in a plasma penetrated by an external beam current [1] . A theory of this phenomenon for the laboratory plasma has been developed in a number of early papers [1] [2] [3] [4] [5] . It was shown that the induced plasma current depends on the spatio-temporal shape of the imposed current and is transferred by plasma species. For external currents of cylindrical shape, it has been found that the return current is nearly equal to the imposed beam current and lies almost entirely within the beam channel [2] [3] [4] . In bound magnetized plasma with given nonstationary sheet current, the return current can change with time and be not equal to the external current [5] .
However, inclusion of the surface current in the perfectly conducting walls results in the full compensation of both currents [5] .
The return currents in astrophysics are considered for media where cosmic rays are present. It is assumed that in equilibrium the total current of cosmic rays and plasma is equal to zero. Models are explored, in which the equilibrium current is directed along [6] [7] [8] and across [9, 10] the background magnetic field. In the case of currents parallel to the magnetic field, one considers a three-component medium, consisting of the electrons, ions and cosmic rays, where each species has its own drift velocity [6] , as well as a four-component one. In the last case, one assumes that the background plasma has no drift velocities while cosmic rays and an additional electron component (for the proton cosmic rays) drift together [7, 8, 11] .
The kinetic consideration of cosmic rays drifting along the magnetic field has been provided by Achterberg [6] , Zweibel [7] , Bell [8] and Reville et al. [12] also for perturbations parallel to the magnetic field. The well-known non-resonant Bell instability [8] has a large growth rate for perturbation wavelengths shorter than the mean Larmor radius of cosmic-ray protons defined by their longitudinal momentum. In this case, the contribution of cosmic rays to the kinetic dispersion relation is small [7, 8] and the instability is due to the electron return current. Thus, the back-reaction of cosmic rays is absent in unstable short-wavelength perturbations mentioned above. In the opposite case of long-wavelength perturbations, the perturbed currents of cosmic rays (protons) and of additional electrons compensate each other, if only the perturbed electric drift of particles is taken into account [7] .
However, involving the Doppler-shifted polarizational current (back-reaction) of cosmic rays is also important for cosmic-ray streaming instabilities. This effect was not considered in [7, 8] . As we show here, the back-reaction of magnetized cosmic rays gives rise to new streaming instabilities, one of which has the growth rate of the order of that of the Bell instability [8] in the vicinity of the instability threshold and less far from it. However, in the long-wavelength spectral part, for example, these new instabilities can be more powerful in comparison with the cyclotron resonance instability.
In the present paper, we investigate streaming instabilities of the electron-ion plasma in the background magnetic field with cosmic rays up to ultra-relativistic energies using the multi-fluid approach. We assume that cosmic rays, which can be both protons and electrons, drift along the magnetic field. One-dimensional perturbations also parallel to the magnetic field are treated. In this case, transverse and longitudinal movements are split.
For generality, we take into account the thermal energy exchange between background electrons and ions and the electron thermal conductivity. We derive dispersion relations for the transverse and longitudinal perturbations. For the first case, two models with three and four components described above are used and corresponding results are compared.
(Analogous consideration of these models for shocks has been provided by Amato and Blasi [13] ). New instabilities due to the back-reaction of relativistic cosmic rays are found.
The paper is organized as follows. Section 2 contains the fundamental equations for plasma, cosmic rays and electromagnetic fields. Equilibrium state is discussed in section 3. In section 4, the transverse perturbations with magnetized and unmagnetized cosmic rays are explored. We investigate longitudinal perturbations in section 5. In section 6, we discuss results obtained in the preceding sections. Conclusive remarks are given in section 7.
Basic equations for plasma and cosmic rays
The fundamental equations for the plasma that we consider here are the following:
the equation of motion,
the continuity equation,
and
are the temperature equations for ions and electrons. In equations (1) and (2), the subscript j = i, e denotes the ions and electrons, respectively. Notations in equations (1)-(4) are the following: q j and m j are the charge and mass of species j = i, e; v j is the hydrodynamic velocity; n j is the number density; the terms C e = −ν ei (v e − v i ) and
take into account the collisional momentum exchange between electrons and ions, where ν ei (ν ie ) is the electron(ion)-ion(electron) collision frequency; p j = n j T j is the thermal pressure; T j is the temperature; ν ε ie (n e , T e ) (ν ε ei (n i , T e )) is the frequency of the thermal energy exchange between ions (electrons) and electrons (ions) being ν ε ie (n e , T e ) = 2ν ie [14] ; n i ν ε ie (n e , T e ) = n e ν ε ei (n i , T e ); γ is the ratio of the specific heats; E and B are the electric and magnetic fields and c is the speed of light in a vacuum. We include the thermal exchange between electrons and ions because ν ε ie (n e , T e )(ν ε ei (n i , T e )) must be compared with the dynamical frequency. The value q e in equation (4) is the electron heat flux [14] . In a weakly collisional plasma which is here considered, the electron Larmor radius is much smaller than the electron collisional mean free path. In this case, the electron thermal flux is mainly directed along the magnetic field,
where χ e is the electron thermal conductivity coefficient and b = B/B is the unit vector along the magnetic field. We assume that the thermal flux in equilibrium is absent.
Equations for relativistic cosmic rays we take in the form [15] 
where
In these equations, p cr = γ cr m cr v cr is the momentum of a cosmic-ray particle having the rest mass m cr and velocity v cr ; q cr is the charge; p cr = γ −1 cr n cr T cr is the kinetic pressure; n cr is the number density in the laboratory frame; Γ cr is the adiabatic index;
is the relativistic factor. The continuity equation is the same as equation (2) for j = cr.
Equation (8) can be used for both cold non-relativistic, T cr ≪ m cr c 2 , and hot relativistic, T cr ≫ m cr c 2 , cosmic rays. In the first (second) case, we have Γ cr = 5/3 (4/3) [15] . The general form of the value R cr applying at any relations between T cr and m cr c 2 , can be found e.g. in [16, 17] .
Equations (1)- (4), (6) and (7) are solved together with Maxwell's equations
where j = j pl + j cr = j q j n j v j + j cr .
Equilibrium state
We will consider a uniform plasma embedded in the uniform magnetic field B 0 (subscript 0 here and below denotes background parameters) directed along the z-axis. We assume that in equilibrium the plasma is penetrated by a uniform beam of cosmic rays having the uniform streaming velocity v cr0 along the z-axis. The return plasma current along this axis compensating the current of cosmic rays is provided by the streaming velocities of electrons, v e0 , and ions, v i0 . The quasi-neutrality is satisfied due to cosmic-ray charge neutralizaion from the background environment [18] . Thus, we have two equations in equilibrium
and q e n e0 + q i n i0 + q cr n cr0 = 0.
Such a three-component model corresponds to the one considered by Achterberg [6] . In papers by Zweibel [7] and Bell [8] , a four-component model has been explored, in which plasma species are immobile and the additional electrons (in the case of the proton cosmic rays) have the cosmic-ray number density and drift with the cosmic-ray drift velocity. We show below that there is some difference between these two models.
where ω cj,cr = q j,cr B 0 /m j,cr c is the cyclotron frequency,
. Using conditions (17), we calculate the values ε plxx,y and ε crxx,y given by equations (A16) and (B11), respectively, and substitute them into equation (15) . Then from equation (16), we derive the following dispersion relation:
In equation (18), we have neglected the contribution of the displacement current and small terms proportional to D 3 tj,cr /ω 3 cj,cr . According to equations (11) and (12), the right-hand side of equation (18) is equal to zero. Thus, we obtain
ccr . The solution of equation (19) is given by
Using equation (21), we find expression
Equation (20) describes the streaming instability if (A
The number density of cosmic rays is considerably smaller than the number density of the background plasma. Therefore, we can conclude from equation (11) that v e,i0 ≪ v cr0 .
In this case, equation (22) can be written in the form
The growth rate of instability δ = Im ω found from equation (20) in the case
This new instability arises due to the cosmic-ray back-reaction, i.e. due to the same dynamics of cosmic rays as that of the plasma connected with the polarizational drift of the species (see equation (18)).
For a four-component model consisting of the background ions and electrons without drift velocities, proton cosmic rays and additional electrons with the cosmic-ray number density and drift velocity [7] , equation (18) has solution
We see that this solution gives the same growth rate as that given by expression (24) (see equation (23)). However, the real frequency (or the phase velocity) for a four-component model is different from that for a three-component one.
Unmagnetized cosmic rays
In this section, we assume that cosmic rays are unmagnetized
If
2 , this condition can be satisfied for relativistic cosmic rays for which γ cr0 R cr0 ≫ 1. Then, we obtain
The plasma ions and electrons stay magnetized. Substituting equation (26) and ε plxx,y into equation (16), we will have
where β cr = ω 2 pcr /ω ccr . When obtaining the right-hand side of this equation, we have used equations (11) and (12) . We note that equation (27) does not contain the contribution of the cosmic-ray perturbed dynamics, which is small in a comparison with the plasma current produced by the electric drift velocities of ions and electrons. Solution of equation (27) is given by
From equations (11) and (12), it is followed that
An estimation of the ratio of the second term in the squared brackets in equation (28) to the first one gives the value (n cr0 /n i0 ) (k z v cr0 /ω ce ), which is generally speaking much smaller than unity.
Solution of the dispersion relation for the four-component medium considered above is the following:
where the sign || denotes an absolute value. We see some differences between equations (28) and (29) . The growth rates are the same (neglecting the small terms), while the phase velocities are different for two models.
Equation (29) applied to the proton cosmic rays coincides with equation (8) given in the paper by Zweibel and Everett [11] , if we neglect the term proportional to v the absence of the dynamical contribution of unmagnetized cosmic rays to the dispersion relation (27) as it is also in the case considered in [7, 8, 11] . However, conditions of unmagnetization are different in both cases. In our one-dimensional magnetohydrodynamic case, the transverse perturbations of cosmic rays do not contain the thermal pressure, and the condition of unmagnetization has the form (25) . At the same time, the kinetic consideration shows that cosmic rays are also unmagnetized in perturbations with wavelengths much smaller than their Larmor radius defined by the thermal velocity along the magnetic field [7, 8] . Thus, in both limiting cases, the back-reaction of cosmic rays is negligible that results in the same growth rates of instability due to the return plasma current.
We note that if we set v e,i0 = 0 in equation (28) (or on the left-hand side of equation (27)), we return to equation (29) without the term ∼ v 2 cr0 .
Longitudinal perturbations

Dispersion relation
We now consider potential perturbations along the background magnetic field. The wave equation is the following (see equation (10)):
In Appendices A and B, there are obtained the plasma, j pl1z , and cosmic ray, j cr1z , perturbed currents (equations (A17) and (B12), respectively). Substitution them into equation (30) and the Fourier transformation lead to the dispersion relation
where ∂/∂t = −iω and ∂/∂z = ik z . This equation will be treated in the limiting cases.
Cold electrons and ions
We first consider the cold plasma species for which
For cosmic rays, we here and below assume that the following condition is satisfied:
In this case, the first term on the right-hand side of equation (B13) is dominant. We note that the temperature of cosmic rays can be relativistic, i.e. T cr0 /m cr c 2 ≫ 1. Then, using equations (A6), (A8), (A10), (A12) and (B13) under conditions defined by equations (32) and (33), we obtain equation (31) in the form
where for simplicity we have neglected unity.
Collisionless case
We now assume that
Then equation (34) takes the form
In the vicinity of ω ≈ k z v cr0 , when the back-reaction of cosmic rays plays a role, solution of equation (35) is the following:
In the region ω ≈ k z v i0 , equation (35) gives
where (11)). The ratio of the growth rate defined by equation (37) to that of equation (36) is equal to γ 3 cr0 E cr0 (m cr /m i ) (n cr0 /n i0 ). This value can be much less then unity even at γ cr0 ≫ 1 and T cr0 ≫ m cr c 2 .
Collisional case
In the collisional case
we find from equation (34) 
Thus, the back-reaction of relativistic cosmic rays can result in an instability of potential perturbations.
Hot electrons and cold/ hot ions
Consideration shows that in the cases
z the frequency ω is of the order of k z v cr0 as that in equations (36) and (40) . Equation (33) results in condition γ cr0 ≫ 1 when v cr0 ≃ c. Thus, the temperature of the background plasma should be relativistic. However, this contradicts the basic equations, where a plasma is a non-relativistic one. Therefore, conditions for hot plasma are invalid. Taking into account other terms in equation (B13) does not give an instability.
Discussion
We now discuss the growth rates and conditions of their derivation for transverse perturbations considered in section 4. For magnetized cosmic rays obeying condition (17) , the growth rate is given by equation (24) . Below, we assume that ions and cosmic rays are the protons. Let us first consider the case in which α i ≫ α cr or
Then, the condition of instability can be written in the "soft" form
where c Ai = (B 2 0 /4πn i0 m i ) 1/2 is the ion Alfvén velocity (see equation (23)). The growth rate is equal to
This growth rate increases with the wave number k z . However, the value k z is limited from above by condition of magnetization (17) . For cosmic rays, this condition has the form
If we set, for estimation,
and substitute this value to expression (41), we obtain the maximal growth rate δ max
We note that according to condition (40), δ max δ Bell and k z max k Bell , where
are the growth rate and the wave number of the fastest growing mode for the Bell instability [8, 11] . From equations (20) and (21), we see that Re ω δ.
The case α cr ≫ α i or
can be satisfied for ultra-relativistic cosmic rays for which γ cr0 ≫ 1 and/or R cr0 ≫ 1. In the last case, the temperature of cosmic rays is relativistic one, T cr0 ≫ m cr c 2 . The "soft" condition of instability has the form
The growth rate is equal to
In the case under consideration, we have Re ω = k z v cr0 ≫ δ (see equations (20) and (21)).
Thus, we find from (17) the upper limit for k
Taking, for estimation,
and substituting this expression to (44), we find
.
From conditions (42) and (43), it is followed that δ max ≪ δ Bell and k z max ≪ k Bell .
In the case α i ∼ α cr , solution (20) takes the form
Ai . The upper limit for k z for solution (45) is the same as for the case (39). Thus,
Let us compare, for example, solution (41) with the growth rate δ res of the cyclotron resonance instability of cosmic rays [29] , which is thought to play a crucial role in the early stages of cosmic-ray acceleration in shocks (e.g., [30] ). For the real frequency ω = k z c Ai , the growth rate δ res ≪ k z c Ai for a particular distribution function [7] can be written in the form
where p 1 = m cr ω ccr /k z and p 0 is a typical momentum of cosmic rays. This growth rate has a maximum of the order of the Bell growth rate at p 1 = p 0 , when a wavelength of perturbation is equal to a typical Larmor radius ρ cr = p 0 /m cr ω ccr multiplied by 2π. In the long-wavelength part of spectrum, p 1 ≫ p 0 or 1 ≫ k z ρ cr , expression (46) becomes
The ratio of the growth rate (41) to that of (47) is equal to
The case δ ≫ δ res results in
Condition (48) can be satisfied. An analogous consideration for solution (44) gives
In this case, it is also possible to be δ ≫ δ res .
For unmagnetized cosmic rays satisfying condition (25) and magnetized background electrons and ions, solution of the equation (27) is given by equation (28) . In the case
Ai to neglect the term β 2 cr , the growth rate has the form δ Bell (see above). The frequency ω is smaller than k Bell v cr0 . Thus, condition (25) takes the form
where we have inserted k Bell . We note that under condition (49) cosmic rays do not contribute to the dispersion relation, i.e. the cosmic-ray back-reaction is absent. In the kinetic consideration, we obtain an analogous result for hot cosmic rays p cr ≫ m cr ω ccr /k z , where p cr is the average momentum along the magnetic field [7, 8] . Substitution to the last condition of the value k Bell gives n cr0 n i0
Let us discuss longitudinal perturbations. In the case of the cold background plasma expressed by condition (32) and at condition (33) for cosmic rays, solution of equation (34) in the collisionless case is given by equation (36) . Condition (32) can be written as
For cosmic rays, condition (33) takes the form
Condition (50) can be satisfied for ultra-relativistic cosmic rays with γ cr0 ≫ 1 when v cr0 ≃ c.
The growth rate δ is the following:
This growth rate is considerably smaller than that given, for example, by equation (41).
The collisional growth rate (38) is larger than the collisionless one (51) by a factor of
In our investigation, we have not included collisions in the momentum equation for the transverse perturbations. It can be shown that in the present case it is possible under condition ω
ti /ω (e.g., [31, 32] ) (see also (A15) and (A16)). In the temperature equations, we did not take into account the heating due to viscosity and the Joule heating.
These effects can result, in particular, in damping of perturbations [14, 29] . For our model, the resistive damping δ Joule is equal to δ Joule = k 2 z c 2 /8πσ, where σ = q 2 e n e0 /ν ei m e is the electric conductivity, and the viscous damping is δ visc = 0.6k
ci m i , where ν ii is the ion-ion collision frequency [14, 29] . In the paper [29] , it has been shown that these dampings are negligible in comparison, for example, with the ion-neutral collision damping. We here also assume that the growth rates can exceed the dissipative effects. The presence of the background plasma current in equilibrium can also give rise to other specific instabilities (e.g., [33] ). However, all these additional questions are out of the scope of the present paper, which is devoted to effect of back-reaction of streaming cosmic rays.
The streaming instabilities driven by cosmic rays may play a significant role in such environments as the shocks caused by supernova remnants [8, [19] [20] [21] [22] , galaxy clusters [23, 24] , intracluster medium [25] [26] [27] [28] and so on, where weakly collisional plasma consists mainly of electrons and ions (protons) and where high-energy cosmic rays are present. Therefore, our model and results are applicable to these astrophysical objects. The main point of this investigation is finding that the back-reaction of magnetized cosmic rays can give rise to instabilities, the growth rate of which can approach to that obtained earlier [8] . Although, the kinetic derivation of the dispersion relation in [7, 8] contains the dynamics of cosmic rays, the contribution of the latter to the dispersion relation is negligible in the hot regime.
The same result is obtained for unmagnetized cosmic rays in the fluid approximation. In these cases, instabilities arise due to the return plasma current.
The exploration carried out in this paper is relevant to the problem of generation of magnetic fields and acceleration of high-energy cosmic rays. At present, it is assumed that acceleration of cosmic rays occurs in supernova remnant shocks due to their multiple crossing of the shock front. This mechanism is known as the first order Fermi acceleration. The multiple crossing happens as a result of cosmic-ray diffusion on magnetic inhomogeneities in the upstream and downstream regions of the shock being generated by possible instabilities.
Such a process in a whole is called the diffusive shock acceleration [34] [35] [36] [37] [38] . One powerful streaming instability has been found by Bell [8] , where the unperturbed cosmic-ray current was directed along the magnetic field. In the perturbed state, cosmic rays have been considered as unmagnetized with the Larmor radius defined by the longitudinal velocity much larger than wavelengths of perturbations. In the nonlinear regime, this instability amplifies magnetic fields in the upstream medium of shocks by a factor up to ∼ 10 larger than typically expected in the interstellar medium [39] . However, X-ray observations [40, 41] show that magnetic fields in the downstream medium are ∼ 100 times larger than in the interstellar medium. Therefore, the search for new instabilities has been continued.
One possibility using the pre-amplified magnetic fields by the Bell instability has been discussed by Riquelme and Spitkovsky [9] . In this paper, it has been shown that a new instability can arise due to the background cosmic-ray current streaming across the background magnetic field. The growth rate of the same order of magnitude as for the Bell instability has been found. However, Riquelme and Spitkovsky [9] have not considered the back-reaction of cosmic rays in their analytical treatment. In the paper by Nekrasov and Shadmehri [10] , we have included the back-reaction of cosmic rays in the multi-fluid approach for the model considered by Riquelme and Spitkovsky [9] and found a growth rate for the streaming instability considerably larger than that of Bell [8] and of Riquelmi and Spitkovsky [9] amounting to the square root of the ratio of plasma to cosmic-ray number densities. Therefore, it was of interest to take into account this effect also for the model considered by Bell [8] . For magnetized cosmic rays, we have found new instabilities, one of which has the growth rate comparable to that of Bell in the vicinity of the threshold of instability and smaller far from it in the wavelength region k z k Bell . Another instability for ultra-relativistic cosmic rays is weaker than the Bell one and excites at k z ≪ k Bell . Thus, magnetized cosmic rays can also amplify magnetic fields, which results in their diffusion in astrophysical settings. In shock wave fronts, these additional magnetic perturbations will increase the diffusion of cosmic rays and accordingly the efficiency of their acceleration. We have shown in our model that electrostatic perturbations can also be excited by streaming cosmic rays.
The results obtained represent a contribution to the picture of cosmic-ray acceleration studied in previous investigations and of generation of magnetic fields in other astrophysical objects. Taking into account the cosmic-ray back-reaction can be done by making use of the multi-fluid approach, in which all species have their own velocities.
Conclusion
Using the multi-fluid approach, we have investigated streaming instabilities of the magnetized electron-ion plasma with relativistic and ultra-relativistic cosmic rays. Cosmic rays have been assumed to drift along the background magnetic field. The return current of the background plasma in equilibrium has been taken into account. One-dimensional perturbations parallel to the magnetic field have been considered. We have derived dispersion relations for the transverse and longitudinal perturbations, whose electric field is polarized across and along the magnetic field, respectively. We have shown that the back-reaction of magnetized cosmic rays in transverse perturbations can result in new instabilities, one of which has the growth rate of the order of that of the Bell instability [8] in the vicinity of the instability threshold and less far from it. However, in the long-wavelength spectral part, for example, these new instabilities can be more powerful in comparison with the cyclotron resonance instability. For unmagnetized cosmic rays, we have obtained the growth rate, which is the same as the Bell one. For longitudinal perturbations, we have found an instability in the case of ultra-relativistic cosmic rays. The corresponding growth rate is less than that for transverse perturbations.
The results obtained can be applied to investigation of astrophysical objects such as supernova remnant shocks, galaxy clusters, intracluster medium, and so on, where interaction of cosmic rays with turbulence of the electron-ion plasma produced by them is of a great importance for the cosmic-ray scattering and acceleration. 
We assume that the medium and background velocities of species are uniform. Then for perturbations depending only on the z-coordinate and v j0 z, where z is the unit vector along the z-axis, the linearized equation (1) takes the form
where we have used that p j1 = n j0 T j1 + n j1 T j0 (n j = n j0 + n j1 , T j = T j0 + T j1 ) and introduced the notations D tj = ∂/∂t + v j0 ∂/∂z and
We do not include collisions for transverse perturbations. The corresponding condition is given in Discussion. When obtaining (A2), we have taken into account a perturbation of collision frequency and used equation (2) . From equation (A1), we find equations for the perturbed transverse velocities v j1x,y
where ω cj = q j B 0 /m j c is the cyclotron frequency. The equation for the perturbed longitudinal velocity v j1z is given by
where we have used the linearized continuity equation (2).
A.2. Perturbed temperatures of ions and electrons
From the linearized equations (3) and (4), we obtain equations for the perturbed temperatures of ions and electrons, T i,e1 . We will assume that the background ion and electron temperatures are equal to each other, T i0 = T e0 = T 0 . In this case, the terms connected with the perturbation of thermal energy exchange frequency in equations (3) and (4) will be absent. However for convenience of calculations to follow the symmetric contribution of ions and electrons, we formally retain different notations for the ion and electron temperatures. Then, we will have
Here, the following notations are introduced:
,
where we have used equation (5) for obtaining Ω χ . Solutions of equation (A5) for T i,e1 are given by
A.3. Equations for longitudinal velocities v i1z and v e1z
Let us substitute equation (A7) into equation (A4) written for the ions and electrons.
Then, we obtain
L 1e v e1z + L 2e v i1z = DD te q e m e E 1z .
Here, we have introduced notations
Solutions of equation (A9) are the following:
A.4. Expressions for perturbed transverse velocities via E 1
Using equation (9), we can find the components of F j1 given by equation (A2). In the case under consideration, we obtain 
Substitution of equation (A13) into equation (A3) gives
D 2 tj + ω 2 cj v j1x = q j m j ω cj D tj ∂ ∂t −1 E 1y + q j m j D 2 tj ∂ ∂t −1 E 1x ,(A14)
A.5. Perturbed plasma current
The components of the transverse perturbed plasma current j pl1x,y = j q j n j0 v j1x,y are found by using equation (A14). The expressions for 4π (∂/∂t) −1 j pl1x,y can be given in the form 4π ∂ ∂t −1 j pl1x = ε plxx E 1x + ε plxy E 1y , .
The longitudinal perturbed plasma current j pl1z = j q j n j0 v j1z + j q j n j1 v j0 is found by using equations (2) and (A11)
B. Appendix
B.1. Perturbed velocity of cosmic rays
The linearized version of equation (6) for p cr1 = p cr − p cr0 and v cr0 z has the form
where D tcr = ∂/∂t + v cr0 ∂/∂z and
For the perturbed transverse velocities of cosmic rays v cr1x,y , we find from equation (B1) 
